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About universal quantum simulation 



Goal: Solve Schrödinger’s Equation 

� Solve state    as a function of t. 
� Determine the spectrum of  
� Find eigenvectors of       e.g. ground state. 
� Estimate mean of some operator 
� Applications: Chemistry, Physics, coupled 

linear equations, differential equations, …. 

i
d

dt
ψ t( ) = ˆ H t( ) ψ t( ) ,  ˆ H = ˆ H + ⇒ Unitary dynamics

ψ t( )
ˆ H .

ˆ H ,
ψ t( ) ˆ O ψ t( ) .



Solve with (classical) computer 
� Diagonalize the Hamiltonian 
� Integrate Schrödinger’s equation 

�  Runge-Kutta 
�  Magnus expansions 
�  Product formulæ (e.g. Forest-Ruth and Trotter-Suzuki) 

� Q Monte Carlo simulations 
�  Stochastic Green Function 
�  Variational, Diffusion or Path-Integral Monte Carlo, … 

� Density matrix  
 renormalization  
 group 
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Computational Complexity Classes 
�  Decision problem: yes/no answer. 
�  Algorithm: procedure using tool set 

to solve decision problem. 
�  Complexity: characterized by how 

cost of limited resources (e.g. disk 
space, memory, time) scales with 
problem size (e.g. bits to specify 
input) in order to solve problem. 

�  PSPACE is set of all decision 
problems solvable on a Turing 
machine with polynomial-space.  



Interpreting Feynman’s conjecture 
� Complexity of Heisenberg and Schrödinger q-

mechanic techniques are in EXP. 
� Feynman path integral method is in PSPACE. 
� BQP is set of problems solved by a q computer 

(e.g. Deutsch’s 1985) in polynomial-time with 
“yes” error no larger than 1/3. 

� Feynman’s says “certainly” 
� However, we only know that 
� Proving Feynman’s claim would be highly 

significant in computer science.  

BPP ⊂ PSPACE.
BPP ⊆ PSPACE.



Can we simulate any Hamiltonian? 
� Find solution sx to problem x by simulating 

� Seems too easy to solve any problem so we 
impose Childs’s rules: H is  
�  a sum of Hi’s each acting on O(1) qubits, or 
�  is a (i×) commutator of two simulatable H’s, or 
�  is related to a simulatable H by an efficiently 

implementable unitary conjugation, or 
�  is sparse and efficiently computable. 

ˆ H = 0,sx x,0 + 0,x sx,0( )
x

∑



Problem 
 Construct efficient q algorithm for accurately 
simulating evolution of general q systems. 

�  efficient � polynomial overhead 
�  algorithm � instruction set for q computer 
�  accurate � bounded error 
�  isolated & q � Hamiltonian evolution 
�  general � Hamiltonian held by oracle 



From continuous to discrete time 

  
Texp −i H j u( )du

j=1

m

∑
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Lie - Trotter product formula :  

e it A +B( )
n →∞

⎯ → ⎯ ⎯ e itA / ne itB / n( )
n
.



Q Computing & Feynman’s Conjecture 
� Lloyd (1996): proved Feynman’s conjecture: 

�  Cost for N iterations: poly(r,m,n). 
�  Assumed tensor product structure. 
�  Time-independent Hamiltonian. 
�  Runtime is O(t2) and Space cost (register) is O(n). 



Q State Generation 
� Aharonov & Ta-Shma (STOC 2003) 
� Motivated by claims of efficient adiabatic q 

algorithms to solve NP-Hard problems. 
� Raises questions about which q states can be 

efficiently generated. 
� Equivalent to statistical zero-knowledge (SZK) 

complexity class of problems. 



Sparse Hamiltonian Lemma 
� Hamiltonian is d-sparse 

� Runtime 

If ˆ H  on n qubits is row - sparse 

#  non - zero entries is poly n( ) - bounded( )
and row - computable 

efficiently computable list of nonzero Hij  in row i( )
with ˆ H ≤ poly n( ),  then ˆ H  is simulatable.

∈O n9d4 /ε( ),O t 3 / 2( ).



Time and space for time-independent H 
� Aharonov & TaShma 2003 

�  T ∈ O(n9d4t3/2/ε) & S ∈ O(n). 

� Childs 2003 
�  symmetrized Lie-Trotter formula 
�  Improved (Linial) graph coloring algorithm 
�  T ∈ O(d4+o(1)n2t3/2/√ε) & S ∈ O(n). 

� Berry, Ahokas, Cleve & BCS 2007 
�  Lie-Trotter-Suzuki 
�  deterministic coin tossing approach to graph colouring 
�  T ∈ O(d4+o(1)log*n t1+1/2k/ε1/2k) & S ∈ O(nlog*n). 



Approximate evolution as ordered product 

  

ˆ H = ˆ H j ,U j = exp −i ˆ H jt /�( )
j =1

m

∑ ,

U = exp −i ˆ H t /�( ) ≈ U jν
ν =1

N

∏ .

There are m types (colours) of U but a sequence �
of N Ujν. We refer to j as the colour index.�



Efficiently simulating diagonal H (Childs) 

d   �   �

exp −it 1 1( )
exp −2it 1 1( )

exp −2k −1it 1 1( )
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0
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a e−id a( ) t a

 a,0 � a,d a( ) � e− itd a( ) a,d a( ) � e− itd a( ) a,0 = e−i ˆ H t a,0

d a( ) = a ˆ H a ∈ 0,1{ }k
 can be efficiently computed classically.



Simulating one-sparse H evolution 
� No more than one nonzero element in each 

row or column of the Hamiltonian matrix. 
� Use the Childs-Cleve-Deotto-Farhi-Gutman-

Spielman (CCDFGS03) [STOC 2003] circuit to 
simulate one-sparse Hamiltonian evolution. 

� If H is expressed as a sum of one-sparse 
Hamiltonians Hj, with j the colour index, then 
we can use the CCDFGS03 circuit to 
implement the Hj–generated evolution Uj. 



The Aharonov-TaShma circuit 
� Input state 
� For given colour jν , implement evolution Uν. 
� Clean up ancillæ for next step. 
� Repeat process to implement the Lie-Trotter-

Suzuki approximation of U. 
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Detailed circuit for evolution 



  

exp x A + B( )[ ] = Sm x( ) + O xm +1( ),
Sm x( ) = e t1Ae t2Be t3Ae t4 B �e t M A ,

exp x A + B( )[ ] = Sm x /n( )[ ]n
+ O xm +1 /nm( ).



Hamiltonian H generates unitary: break up 

�  H as sum of local Hamiltonians 

�  Symmetrized (m=2) Trotter: 

�  eiHt≈(eiH1t/2r eiH2t/r eiH1t/2r)
r
, H≈H1+H2. 

�  Number of exponentials for q computer N ∝ t3/2. 

H = Hi
i=1

m

∑



Hamiltonian H generates unitary: break up 

�  H as sum of local Hamiltonians 

�  Symmetrized (m=2) Trotter: 

�  eiHt≈(eiH1t/2r eiH2t/r eiH1t/2r)
r
, H≈H1+H2. 

�  Number of exponentials for q computer N ∝ t3/2. 

�  Suzuki’s generalization of Trotter formula: 

H = Hi
i=1

m

∑

g

, pk = 4 − 41/ 2k −1( )( )−1

5 terms 



Hamiltonian H generates unitary: break up 

�  H as sum of local Hamiltonians 

�  Symmetrized (m=2) Trotter: 

�  eiHt≈(eiH1t/2r eiH2t/r eiH1t/2r)
r
, H≈H1+H2. 

�  Number of exponentials for q computer N ∝ t3/2. 

�  Suzuki’s generalization of Trotter formula: 

�  Suzuki proves for small λ: 

H = Hi
i=1

m

∑

g

, pk = 4 − 41/ 2k −1( )( )−1



Strict bound on Suzuki formula (BACS) 
For    and 

Lemma: 

qk = 1− 4 pk '( )
k '=2

k

∏
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3

2
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for      the Lemma’s constraints are 

satisfied, and the error does not exceed ε.  The number of exponentials in S2k(λ) 
does not exceed 2m5k-1r so using this value for r implies the result. 



Simulation cost is almost linear in time 

Theorem: 

Optimize k: 

Then 

N ≤
m52k mqkτ( )1+1/2k

2 2k + 1( )!ε⎡⎣ ⎤⎦
1/2k

k ≈
1

2
log5

mτ
ε

⎛
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⎞
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N ≤ 4m2τ exp 2 log5 mτ / ε( )⎡
⎣

⎤
⎦
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Xj =      0         1          1          0          1          0          0          1 

BACS: Cannot be sublinear in t 
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Connect x to yk (x) with 
an edge of weight αk (x)  
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Modify labeling to be symmetric (with an overhead cost) 

(a, b) 
We now have d 

2 labels 
instead of d labels, but 
a symmetric labeling 

a b x y with x < y 

x y 

(1, 3) 
with z < y 

with y < w 

(1, 2) 

(1, 3) 

x y 

z 

w 

1 3 
2 

1 

1 

3 

Example: 

Problem! 

(a, b) 

(1, 3) 

(1, 2) 

(1, 3) 
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To break up the paths, we increase the number of colours 



x 

y 

z 

w 

(a,b,     x 

(a,b,     y 

(a,b,     z 

(a,b,     w 

n 
bits 

x 

y 

z 

w 

x′ 

y′ 

z′ 

w′ 

d 
2 

2
n 

colours 
log(n)+1 
bits 

y′ � (i, yi), where i = min{ j : yj ≠ zj} 

Then   y′ = (010,1) 

Example:  y = 01100101 
z = 01001101 

010 

x < y < z < w 

Note: still a valid coloring! 
x′ ≠ y′  &  y′ ≠ z′  &  z′ ≠ w′ 

“Deterministic coin-
tossing” [Cole & Vishkin ’86] 
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log(n)+1 
bits 
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6 elements 

... 

... 

... 

... 

O(log*(n)) 
iterations 

Just 5 iterations for n ≤ 101037

 



Sketch of Proof: 

# of Hj’s is m = 6d2.  Need to call the black-box O(log*n) times for each Hj. 

Substituting into theorem for upper bound on Nexp gives result. 



Further reducing time cost 
� Childs & Kothari 2010: deterministic coin-

tossing colouring of vertices rather than edges, 
decompose H into a sum of d galaxies (disjoint 
union of star graphs) 
�  T ∈ O([d3+d2log*n]t1+1/2k/ε1/2k) 
�  S ∈ O(nd+nlog*n). 

� Berry & Childs 2010: Q walk & H-eigen 
estimate replaces Lie-Trotter-Suzuki formula.  
Transform to H-eigenbasis, evolve then revert 
to computational basis.  
�  T ∈ O(|H|maxdtε-1/2). 



INTEGRATING SCHRÖDINGER 
EVOLUTION i

d

dt
ψ t( ) = ˆ H t( ) ψ t( )



ˆ H Hubb = −t ˆ c i,σ
+ ˆ c j ,σ + ˆ c j,σ

+ ˆ c i,σ( )
i, j ,σ

∑ +U ˆ n i↑ ˆ n i↓
i=1

N

∑ ,

ˆ H Bose-Hubb = −t ˆ c i
+ ˆ c j + ˆ c j

+ ˆ c i( )
i, j

∑ +
U

2
ˆ n i ˆ n i −1( )

i=1

N

∑ − μ ˆ n i .
i=1

N

∑





Quantum materials 



Examples of spin systems for simulation 
ˆ H Ising = J Zi ⊗ Z j

i, j

∑ + B Xi
i

∑

ˆ H XY = Jx Xi ⊗ X j
i, j

∑ + Jy Yi ⊗Yj
i, j

∑

ˆ H Heisenberg = Jx Xi ⊗ X j
i, j

∑ + Jy Yi ⊗Yj
i, j

∑ + Jz Zi ⊗ Z j
i, j

∑ + B Xi
i

∑

ˆ H Hubbard = −t ˆ c i,σ
+ ˆ c j ,σ + ˆ c j,σ

+ ˆ c i,σ( )
i, j ,σ

∑ +U ˆ n i↑ ˆ n i↓
i=1

N

∑ ,

ˆ H Bose-Hubbard = −t ˆ c i
+ ˆ c j + ˆ c j

+ ˆ c i( )
i, j

∑ +
U

2
ˆ n i ˆ n i −1( )

i=1

N

∑ − μ ˆ n i .
i=1

N

∑





Kitaev’s honeycomb lattice 

ˆ H = −Jx XiX j
x -link

∑ − Jy YiYj
y -link

∑ − Jz ZiZ j
x -link

∑



Analogue vs Digital Q Simulator 
� Analogue Q Simulator 

�  designed to evolve similarly to system being simulated 
�   e.g. q magnetism or superfluidity. 

� Digital Q Simulator 
�  universal or purpose-built programmable q computer 
�  Simulate dynamics via a sequence of Hamiltonian-

generated evolutions. 



Algorithm for many-body q simulation I 
� Input: Time t, tolerance ε and Hamiltonian 

� Output: Q Circuit 
  

ˆ H n( ) = a j
n( )

j =1

m

∑ ˆ h j
n( ), ˆ h j

n( ) = ⊗�=1
n ˆ Ξ j�

n( ),

ˆ Ξ j�
n( ) ∈ I, X =

0 1

1 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ,Y = i

0 −1

1 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ,Z =

0 1

1 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

(Total number of non - identity operators in each 

summand is at most n - independent constant k.)



Algorithm for many-body q simulation II 
� Expressed as string of bits 

  

ˆ H n( )[ ] := a j ,l j ,S j; j =1,…, j{ },

l j = lX j
,lY j

,lZ j( ) gives number of each type of Pauli operator,

S j = SX j
,SY j

,SZ j( ) comprises vectors of strings corresponding

to positions of each of the Pauli operators.

This string is poly n( ) in size.



Honeycomb model as an example 

ˆ H n( ) = X⊗2 ⊗ I⊗2 + 2 Y ⊗ I( )⊗2
+ 4Z ⊗ I⊗2 ⊗ Z

� One-site interaction Hamiltonian 

� Bit-string representation 
a = 1,2,4( ),
l1 = 2,0,0( ),SX1

= 1,2( ),

l2 = 0,2,0( ),SY2
= 1,3( ),

l3 = 0,0,2( ),SZ 3
= 1,4( ).



Q Circuit component for Pauli evolution 

e−iφZ

0

0

0

0 H H 

S6 H H S2 

exp −iφX ⊗Y ⊗ I ⊗ Z( )
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Time-dependent Hamiltonian evolution 

For H = H j .
j=1

m

∑ ,  H j : R → CN×N  P - differentiable, construct 

U t, t + Δt( ) ≡ Texp −i H u( )du
t

t +Δt

∫
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  as a product of N exponentials 

exp −iH j p
t p( )Δt p( ) within tolerance ε of U t,t + Δt( ),  and find an 

upper bound for N .



Theorem 
Each H j : R → CN × CN  is 2k - differentiable on  t,t + Δt[ ].

  

Λ2k = sup
p= 0,1,…,2k

sup
u∈ t ,t +Δt[ ]

H j
p( ) u( )

j=1

m

∑
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

1

p +1
⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 

For ε ≤ (5 /3)k−1Λ2kΔt,sp =
1

4 − 41 2p +1 ,

N ≤ 2m −1( )5k−1r ≤ 2m −1( )5k−1 2 2k ⋅ (5 /3)k−1Λ2kΔt( )1+1/ 2k
ε−1/ 2k⎡ ⎤



Suzuki iteration 

Up +1 μ + Δλ,μ + 1− sp[ ]Δλ( ) ≡ Up μ + 1− sp[ ]Δλ,μ + 1− 2sp[ ]Δλ( )
×Up μ + 1− 2sp[ ]Δλ,μ + 2spΔλ( )Up μ + 2spΔλ,μ + spΔλ( )Up μ + spΔλ,μ( ),

U1 μ + Δλ,μ( ) ≡ Π
j=1

m

exp A j μ + Δλ /2( )Δλ /2[ ]⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ Π

j= m

1

exp A j μ + Δλ /2( )Δλ /2[ ]⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ .

Problems arise for functions that are not smooth in time. 



Problems with Lie-Trotter-Suzuki 
� Suzuki’s bound fails for non-analytic H 
� Uses time-derivative super-operator 

ζ = U Δλ,0( ) −U2 Δλ,0( )
2

/Δλ5,Ha (λ) = λ3 sin(1/λ)I,Hb (λ) = cos(λ)I



Lemma (no time-derivative superoperator) 

T0 t( ) ≡1, Tp +1 t( ) ≡ Tp t( )H t( ) + i ˙ T p t( ).

U t,t + Δt( ) −
−iΔt( )p

Tp

p!p= 0

P

∑ ≤
max

u∈ t,t +Δt[ ]
TP +1 u( ) Δt P +1

P +1( )!



Optimal choice of k 

koptimal =
1

2
log5

ΛΔt

ε

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +1 −1

⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 

⎡ 

⎢ 
⎢ 
⎢ 

⎤ 

⎥ 
⎥ 
⎥ 

Nexp ≤ 6mΛΔt exp 2 log5 ΛΔt /ε( )[ ]



Method 
� Taylor expansion for U to O(Δt2k+1) 

� Induction: Uk equals U to order Δt2k+1 
� Avoid Suzuki’s time-derivative superoperator 

� As Taylor expansions for U and Uk are 
identical for (Δt)2k, the norm of the difference 
is bounded by the sum of terms O((Δt)2k+1). 

� Triangle inequality bounds norm of difference. 

U −
Δt( )ξ

Tξ

ξ!ξ = 0

p

∑ ,Tξ +1 t( ) ≡ Tξ t( )H t( ) + ∂tTξ t( )





Method 
� Compute the Taylor Series of U and Uk 
    to order Δλ2k+1 

� Show that Suzuki’s choice of sk causes the 
error term to be 0, if Taylor series exists. 

�   τ is not needed in our analysis. 



Steps to prove error bounds 
� Compute Taylor expansion of U(t,t+Δt) as 

powers of Δt with U(t,t+Δt) computed 
iteratively for k the index of the iterant. 

� # terms for Taylor expansion of Uk is 
exponential in k for truncation at (Δt)l for some 
l so we prove instead that  



Steps to prove error bounds 
� As Taylor expansions for U and Uk are 

identical for (Δt)2k, the norm of the difference 
is bounded by the sum of terms O((Δt)2k+1). 

� Use the triangle inequality to bound the norm 
of the difference. 

� Obtain error as a function r intervals. 



  
A

� 
x =

� 
b ,

� 
b � b = bi i

i=1

N

∑ ,e iAt b ,…



HHL Strategy 
� Use (modified) Kitaev’s eigenvalue estimation 

algorithm for Hermitian A. 
� Prepare and inject |b> as input. 
� Then approximate|b> in A-eigenbasis {|uj>} 

with corresponding eigenvalues {λj}. 
� Requires O(nlogn) steps. 
� Kitaev q algorithm output: eigenvalues and 

corresponding eigenvectors of A. 
� Then controlled rotations on |b> and then 

undo to get |x>.  





“I [hypothesize] that ultimately 
physics will not require a 

mathematical statement, that in the 
end the machinery will be revealed, 

and the laws will turn out to be 
simple, like the checker board with all 
its apparent complexities.” - Feynman 


